The foliage density equation is the means by which the foliage density g in a leaf canopy, as a function of the angle of inclination of the leaves, is to be estimated from discrete data gathered using photometric methods or point quadrats. It is an integral equation relating /, a function of angle estimated from measurements, to the unknown function g. The explicit formula for g is known and depends upon / and its first three derivatives; the operator / •-» g is unbounded, and the problem is ill posed.
Introduction
Lately there has been renewed interest in the foliage density equation; this is a Fredholm equation of the first kind on the interval [0, j-rr], f(fi)= j^2 K{a,fi)g{a)da (0 </8 < **) (l) equation to J. R. Philip [7] . The author gave an explicit solution to (1) in J. B.
Miller [5] in 1964. However, since this expresses g as an integral involving / and its first three derivatives (namely g(a) = $ / ( a ) in (7) below), its application presents the problem of estimating /, /', / " and / ' " from the numerical data for / , with all the likelihood of error latent in that process. It was separately shown in Miller [6] that the average foliage density (
o could be calculated directly from / without estimating the derivatives, since (3) More recently R. S. Anderssen, D. R. Jackett and D. L. B. Jupp in [1] , [2] , and [3] have considered more general functionals than (2) on the foliage density function, expressing them as functionals on the contact frequency function using (7), (8) below, and thereby making them accessible to computation.
In this paper we make a further contribution to the problem of estimating the form of g from /. In brief, it is shown that if / is a trigonometric polynomial of an appropriate type, then g is also, and the relation between their coefficients is found. Thus if we have an estimate of / from numerical data, and fit a trigonometric polynomial to these data, then we can calculate a trigonometric polynomial approximation to g. This extends partial results of Philip in [7] . No estimating of third derivatives from the data is required. However, the underlying problem is ill-posed, because £ is unbounded. The error in using the trigonometric polynomial to estimate g cannot be found directly; instead, we obtain a result (Theorem 3) which gives a rate of convergence of the Fourier series of / sufficient to ensure the convergence of the transformed Fourier series to g.
The analysis of the action of § on trigonometric polynomials and series thus provides some insight into the extent of the ill-position, which has not been analysed in detail previously. An alternative response to the ill-position is that of Anderson, Jackett and Jupp, who advocate the use of functionals on g rather than estimates of g. Their results also have their origin in the unbounded operator $ . They also discuss in detail the practical importance of the foliage density equation and its solution.
In the course of the paper we obtain formulae for the elements of the matrix A which transforms the sequence of Fourier coefficients of / to that of g (Theorem 1); these may be of practical assistance to workers in the field, if they are used with due circumspection.
Caveat. While there exist rigorous proofs for most assertions in the paper, there are two points where it has been necessary to seek the aid of a computer to [ 3 ] The foliage density equation revisited 389 resolve matters of algebra; the conclusions here cannot be said to be proved, but merely circumstantial. See equations (29), (30), and (47).
The integral equation and operators ®, £
The integral equation (1) , to be solved for g, determines an integral operator, which we denote by ®. Thus the foliage density equation and the operator ® are defined as follows:
•' o where the kernel K is given by { cos a sin /?
(if a < /?), 
Thus in suitable circumstances we have 
f In that paper it was only asserted that /'(0 + 0) = f'(\n -0) = 0; but the stronger assertion (10) can be verified without great difficulty. These results show that the contact frequency function / must be assumed to be sufficiently smooth to possess a third derivative in I}, and must moreover satisfy (10). Not every such function / can arise as a contact frequency function, since there is the further condition g(a) > 0 for 0 < a < \m to be satisfied. We do not examine that condition in this paper.
While ® is bounded, its inverse $ is not, and this fact is the main source of difficulty in the analysis.
In view of the above results, we introduce the following function spaces: <l(
Then the equation g = § / asserts that q is the l^th derivative of (2/ir)p; more precisely,
" * X (Miller [5] , §3).
The action of $ on trigonometric polynomials
Suppose now that / is a trigonometric polynomial of the form
We show that then g = § / is a trigonometric polynomial of the form
and we obtain formulae for the coefficients G k in terms of the coefficients Fj. The result is formulated as Theorem 1, below. Note that / in (17) does belong to Y, since (10) holds. Indeed, the only trigonometric sine or cosine terms whose derivatives vanish at 0 and \m are those of the form cos 2k$, so (17) is the appropriate form to adopt for /, and moreover is completely general.
The passage by § from (17) to (18) is not direct; the peculiar form of the operator § makes it better able to handle even powers of sines, than cosines of multiple angles. So as a preliminary to calculating § (cos 2/:(•))( a), we first express cos2kfi as a polynomial in sin 2 /} and then calculate §(sin 2 -')(a). For the first step there is the following formula: For the terms 0 < _/( < k), the inside sum
This proof is due to G. A. Watterson. Next, we have 
20)
y -l)sino -iF^-j,!; i ; cos 2 a).
In particular, a) = 2sina, $(sin 2 )(a) = 2sina(-l + 4cos 2 a).
Proof. The direct route is probably also the shortest. Take f(.P) -sin 27 /? in (7); change to variables x, y as in (13); after some calculation we obtain, when
where Aj = 2j{2j -l)(2j -2), Bj = 6 7 (2y -1), By judicious rearrangement of the summations we can express this in the form of a sum with respect to m, from 0 to N, that is, in the form (18), and so obtain a formula for the coefficients G m in terms of the F k . The result is (after a trivial change of notation) Write r = k -j , and S r (y) for the generalized hypergeometric function (evaluated at 1) which appears here, so that
l)\(j + r)(2j + r -l)\ (28)
S r (j) is the sum of a finite series. Although the parameters in it do not reduce the 3 F 2 to any of the standard types for which there is a known representation as a rational fraction of gamma functions, nevertheless such a representation seems to exist. Using a Burroughs B6700, B. J. Milne has obtained the following formulae, valid at least for r = 0, 1, ...,12 and all j > I. There are separate forms for r = 2s + 1 and r = 2s, s integral, > 1: 
are negative, all elements for j < k are positive. From (31) and (32) we deduce that Urn X yr = 2(2y + 1), B. J. Mihie has shown using a B7800 that in each of (45) and (46) the first term is 2t 2 as t -» oo; the second term is therefore dominant in each case (as Table  1 
and write To prove this we need further notation. With Gj and g defined as stated, write now G N j for the sum (25) (previously denoted by Gj) and write /*(/*)= E F k cos2kP,
for these partial sums. Theorem 1 says that The set of numbers X jk here is the set of elements of the matrix A making up a top righthand submatrix with X N N+1 as the lower lefthand corner element. The inequality in (53) can be read for low values of N from Table 1 . A laborious comparison of values of X jk for fixed j or for fixed k using (31) and (32) leads eventually to the result (53). We omit the details. [is)
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Conclusion
The estimation of the foliage density function g from the experimentally estimated contact frequency function / can be done if / can be approximated to sufficient accuracy by a trigonometric polynomial (17). The calculated form of g, namely (18) where the G/s are given by (25), should be reliable provided the sequence of coefficients (F k ) is rapidly decreasing, say
for some positive £. However, because § is an unbounded operator there exists no simple inequality between the L 1 norms of g -g N (or g -g N ) and f -f N enabling the rate of convergence of the former to be deduced from that of the latter.
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